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Abstract

We give the complete stable splitting of the complex connective
K-theory of the infinite special orthogonal group.
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Stable splitting of the complex connective /K -theory of the infinite special

orthogonal group

Abstract : We give the complete stable splitting of the complex connective K-theory of the infinite special
orthogonal group.

1 Introduction

Let bu be the complex connective K-theory-and SO be the infinite special orthogonal group. Then the purpose
of this paper is to give the stable splitting of bu-A-SO-

Let HZ/2 be the Z/2 Eilenberg-Mac Lane spectrum, BO(n)-be the classfying space of the n-th orthogonal group,
BO be the classtying space of the infinite orthogonal group, and. RP>* = BO(1) be the infinite projective space.
Let H* (X), H* (X) be the unreduced mod 2 cohemology-and the reduced mod 2 cohomology of X respectively,
and let H, (X), H, (X) be the unreduced mod 2 homology ‘and-the reduced mod 2 homology of X respectively.
For simplicity of notations, we write.® instead.of ®z .. Throughout this paper the homotopy equivalences, the
spaces, or the spectra are localized at-prime=2.

Recall that

H*(BO(H)) - Z/2 [wla Wa, o, wn]

is the polynomial ring generated by w1, wa; ™ -+, Wy wherew; is the i-th Stiefel-Whitney class. In particular,
H*(BO) = Z/2|wy, wa, -]

and
H*(RP*) = H*(BO(1)) = Z/2w4] .

Then let b; € H;(RP>) be the dual class of w} € H*(RP>), i > 0. Hence
H* (BO) = Z/2[b17 b27 b3a o ']7

where deg(b;) =4, ¢ > 0, and b; = n,(b;), where  : RP*> — BO is the natural inclusion map.
Let SU be the infinite special unitary group. Then we have the fibration sequence

Q(S0) — Q(SU) — Q(SU/SO) — SO S SU — SU/SO.
By Bott periodicity, © (SU/SO) is homotopic to BO, so we have the map ¢ : BO — SO. Recall that

H* (SO) = Z/2[€17 €3, €5, ", €2i—1, ]



is the polynomial ring generated by e1, es3, e5, -+, €21, - -, where deg(eq;—1) =2i — 1,4 > 1, and
H* (SO) = Z/2<b17 b27 b37"' >7

is the exterior algebra generated by by, by, bs, -, where deg(b;) =i, ¢ > 0, and b; = ¢,n,(b;).
Also recall that bu, = Z(y) [v1], where deg (v;) = 2, and

H* (bu) 2 A/JA(Qo, Q1) X ARE Z/2,

where A is the mod 2 steenrod algebra, A (Qog, Q1) is the ideal of A generated by Qo = Sq', Q1 = Sq* + S¢®Sq!
and F = Z/2(Qq, Q1), which is the exterior algebra generated by the Milnor generators, is a subalgebra of A.

By the Cartan formula Sq¢‘(zy) = Y. S¢/(2)Sq¢* 7 (y), we know Qo and Qi act as derivations, that is, Qx(xy) =
3=0

Qr(7)y + 2Qk(y), k = 0 or 1. Moreover, since for any space X, H*(X) is an E-module, we can say an element in
H*(X) is indecomposable or decomposable.
E. Ossa [7] has showed that

bu A RP>® A RP™ ~ [0<\/' RHF22[ 7 /9] v [S2bu A RP™).
2]

Also, D. Y. Yan [11] splits bu A BO to the suspended ‘copies of ‘H-Z/2; bu, and bu A RP*>°. Via this spitting, we will
get the splitting of bu A SO.
For the e; generator as above, we have'the formula [6]

e (;.)61‘4-;'7

where eg,, = €2 for all positive integer n, (;) isithe binemial; coefficient. In this paper, we will find an E-linearly

independent subset Ts = {t; | i € Ag} of H™ (S0)_such-that H*(SO) = Mg @ D}, where Mg is the free E-
submodule of H* (SO) generated by Ts and Dg = H*(SO) /Ms doesn’t contain any free generator. Note that T’s
is not empty since the element ejes € H* (SO) has

Qo(eres) = 6? + 6?63,
1(€1€3 = €163 T €163,
Q1(eres) ies +eie}

QOQ1(6163) = €§ + 6%6%.

For t; € Ts with degree 74, let t; be represented by g;, : SO — X" HZ/2 . Let 1 € H° (bu) be represented by
i:bu — HZ/2 which is the multiplicative map and p/ be the ring structure map of HZ/2. We have the following

composite map:
buAV gy, Vv

g:buASO 2 bun VST HZ/2] 5 VST HZ/2),

iINHZ/2
—

where v : bu A HZ/2 HZ/2NHZJ2 ™ HZ/2. Let W be the stable fibre of g, that is, we have the stable

cofibration .
W S bunSO L (VST HZ/2).

Now we state the main result of this paper.



Theorem A. There is a stable spliting

bu A SO ~ [;/_E”HZ/Q] VW,

where 7; = degt;, for each t; € Tg = {t; | i € Ag}, that is, one copy X7 HZ/2 corresponds to one element ¢; in 7.
As an A-module, there is no any free submodule of H*(W).

Remark. Every element in bu,.SO, which is both a 2-torsion and a v;-torsion, is not in T (W).

_ To prove Theorem A, the first step is to construct the E-linearly independent subset Ts = {t; | i € Ag} of
H* (SO) and the composite map

f i lySTHZ/2) = bu A BO A% bu A SO,

where the first map is induced from the splitting in [11]. Then by the cofibration
W L bunSO S ST HZ/2),

we have the map
F=fNhe [;{E“HZ/Z]\/W—>bu/\SO.

Finally we prove the map F' induces an isomorphism on'the mod 2‘cohomologies. Hence F' is a homotopy equivalence,
and this completes the proof of Theorem A: B
The rest of this paper is organized as follows s In.section. 2, we.will construct the subset T's of H* (SO) and the

stable map [2/2”HZ/2] — bu A SO. In section 3, we will prove Theorem A.

2 The E-linearly independent set T

In this section we will construct the E-linearly independent subset Ts = {t; | i € Ag} of H* (SO) and the stable
map
f: [;/_Z”HZ/2] —bu A SO.

First we recall what we need. Suppose M and N are left A-modules with actions u,,; and pp, then M ® N is also
a left A-module with the action defined by the composite

QMRN AQTRN
=

AMaN"? ARAOMON TN Ao Mo Ao N8B M e N,

where ) is the diagonal map of A and T'(a ® b) = (—1)4maedimb(p g q) is the twist map. We write p(M ® N) to
indicate M ® N with this left action. Morever, (M ® N) indicates the extended A action over M.

Proposition 2.1. ( Proposition 1.7 of [3] ) If B is a Hopf subalgebra of A, M a left A-module, N a left
B-module, then
p[M® (A®p N)| =, [A®p p(M ® N)

as left A-modules.



B®M®B®NﬂM|B—>®#NM®N,

Since B is a subalgebra of A, we know that M is a left B-module. Heence p(M ® N) is a left B-module with
BRTON

VIs@MEN B o B Mo N PEL

the action:
B M@N
where 1|p is the diagonal map of A restricted on B and pu,,|p is the action of M restricted on B. Also we know
that A is both a right B-module and a left A-module, hence A ®g N is a left A-module with the extended action

over A. For the detail proof we refer the reader to [3]
Note 2.2. Let N be Z/2 and B be E in proposition 2.1. Since
pIM®(ARE Z/2)] 2p (A®E Z/2) @ M] and p(M ® Z/2) = M,

this isomorphism ( see [1] and Proposition 1.1 of [3] )
0:1 [Aog M) Sp [(A®E Z/2) ® M)

is given by A(a ® z) = Yo’ ® 1 ® a”x, with the inverse ' (a ® 1 ® 2) = Ba’ @ x(a”)x, where 1(a) = ¥a’ ® a” and

X is the conjugation map.
Since H* (bu) = A//A(Qo, Q1) = A @ Z/2,from Note 2.2, we have
1

H (bu A X) = H*(ba)y @B (X) & (@ ok 202) 0 B (X) '~ Aoy A (X)

There is a E-linearly independent. subset Ts = {t; | i € As} of H*(SO) and a submodule

for any space X.
D} of H*(SO) such that H*(SO) = Mg & D where Mg is the free F-submodule of H*(SO) generated by Ts.

Theorem 2.3.
Moreover, there is the spectrum [;/ZJ”HZ/?]7 one copyl X HZ /2 corresponding to one t; € Ts with degree 7;, and

I [;/_E”HZ/2] — bu NSO,

a stable map
0 _
> (A®gp Z/2) @ H*(SO)

such that the following composition
9: Aep Ms S Aep (Ms & D3) = Aoy H*(SO)

H* (bu) @ H*(SO) = H*(bu A SO) L H* (VST HZ(2)

[ass

k
2 2
2 wepk, g]lm,' > 0, and

is an ismorphism, and A ® g D% has no any free A-submodule.
Since to prove Theorem 2.3, we strongly rely on the stable splitting of bu A BO, we first recall the stable splitting
Let T be the set consisting of all the indecomposable elements d; € H*(BO)( j € Ap ) such that d; is the
gml‘% :
2my

of bu A BO in [11].
finite sum of monomials, d; does not contain these two kinds of monomials w
t ,
, Zlmi >0, j > 1, and such that any finite sum of such elements d; and w1l y2mr g 2ma Wyt
i=

J. 2mi1, 2ma 2my
Wiy "Wy 7 Wy
4



. :
Ym; > 0, j > 1, is not decomposable, that is, ( ¥ d;) or [( ¥ dj) +( ¥  wP lwimeime .. yim)]
i=1 finite - finite * finite, j>1

is not decomposable, that is, we have the Adams Ep-terms ( for bu.BO ) Ey * = {[d;], [wi™wi™2 ... w2+,

27—1 2my, 2mo 2my . k 4 ;
(Wi’ wy ™M wy ™ wyM] | J € A, Elmi > 0, Elmi >0,j5>1}

Theorem 2.4. ( Theorem 3.3 in [11] ) As an E-module, H* (BO) is isomorphic to Df & Dj & Mp, where

2my, 2ma 2my
2

k
Dy is an E-module with E-generators {w3" w3 - w3 | _Elmi > 0}, D3 is an E-module with E-generators
1=

, t .

{w2i T ima2me L y2me | Zlmi >0, 7 > 1}, and Mp is isomorphic to the free E-module H*(BO)/(D; ® D3)
i=

with E-basis Tg = {d; | j € Ap}.

Thus we have H*(bu A BO) = A®p H*(BO) =2 A®p (D} ® D5 @ Mp).
Note. We have

2my, 2 2
QuQu3™ W™ - wB) = 0,
QoQ1(ww3™wyi™ - - wi) < = Qu@1(w])wd™Mwi™ - w3 =0,
that is, for each z € H*(BO), QoQ1(z) # 0 if-and only if asa’sum of monomials, 2 contains some elements in T5.

Theorem 2.5. ( Theorem A in[11} )*There s a stable splitting

bu A BO 2 [V HZ/2}v [\ﬁ/Zﬁbu] v [VEbu A RP*),
i 4

where a; = degdj, for each indecomposable, elements, d; & T = {d; | j € Ag} C H*(BO), that is, one copy
k k

Y% HZ/2 corresponds to one indecomposable ‘elements d;; 1 & Ag, B = ‘El4imi, ‘Zlmi > 0 for the nonnegative
= =

E
integers m;, that is, one copy L°bu corresponds to onemonomial wgmlwim2 .- ~w§;"”“, 3 m; > 0 for the nonnegative
i=1

t t
integers m;, and v = 4El4im7;, Zlmi > 0 for the nonnegative integers m;, that is, one copy 37bu A RP° corresponds
1= 1=

t
1, 2my, 2 2
to one monomial w5 wy™? - - w5k, Zlmi > 0.
=

By Theorem 2.5, we have the homotopy equivalence

O [VEYHZ/2)V [VEPbu] V [VETbu A RP*®] — bu A BO
d; B ¥

such that ®*(1 ® d,;) = £%1; € H*(C\Z/E“J'HZ/2) for each d;j € Tp = {d; | j € Ap} with degree a;. Let ¢ be the
i
restriction of ® on [;/ Y% HZ /2], then ¢* takes the free A-module A ®g Mp isomorphically onto H*(C\l/ Y% HZ/2).

Lemma 2.6. For each dimension m > 1, there is a subset T}, = {ty | 1 <3 <1, } of f{m(SO), a spectrum
[ V. XTiHZ/2|, each copy X7 HZ/2 corresponding to a t,,; € T),, where 7, = m, and a stable map

tm,i€Tm

fm:l vV XTHZ/2] — bu A SO,

tm, i €Tm



such that we have
f:;v,(l & tm,i) == Eﬂl,
where t,, ; € T}, and X7'1 € H™ (75 \/T Y7 HZ/2). Morever, let v, be the homomorphism defined as the following
nl,ie m
composition

H* (bun SO) " H* (bu n BO) &5 H*( VENHZ/2) B H( Y SUHZ)),

Fi€TB,m

where Tg,m = {d; € Tg | j € Ap, degd; = m} and p is the projection, then for each element ¢ € H™ (50),
U (1 ® ¢) can be generated by {vy, (1 @ty ;) | tm, € Thn} over Z/2.

Proof. For each dimension m > 1, H™ (SO) and H™ (BO) are both finite Z/2-module. Let H™ (SO) =
{emi|1<i<sp}and Tpm = {dmn,; € Tp | degdm,; =m, 1 < j <r,}. Then consider the map ¢ : BO — SO,
we have

o, : H, (BO) = Z/2[b1 by, bs, -] — Z/2(b1,ba, b, -+ ) = H, (SO)

takes b; to b;, ¢ > 0, that is, ¢, is surjective, and hence ¢ : H* (SO) — H* (BO) is injective. For any ¢, ; €
H™(S0), we have

Tm
F" (Crii)="De Tigdin i Tit Vi,
j=1

where dp, j € Tgm, 0,5 = 0or 1, 1 < j <y, y; € Dy @ D, and z; is in the form )" Qo(d;) + > Q1(d;~) +
> QoQ1(djm), for some djr, dji, dju€ Tg-"Then following:ithe composite map

vm : H* (bu A SO) "2 HA (b BOY 2 H (YSolZ/2) B H' (v S HZ)),
4

dwn,jeTB,m

we have the diagram

bu * - L . - )
vm 1@ ems " 10 O 6ijdm + 2 +9:) 5 Y (6,501 + Qi) B Y (8i;50m1),
j=1 j=1 j=1

where Y% 1 corresponds to d,, ; and Q;; is a linearly combination of (™=@, B(m=3)Q,, R~ Q,Q,, for
1 <j <7ry. Consider the matrix-like diagram

51,1 51,2 51,rm | Cm,1
do1 022 -+ O2p, | Cm2

. . . | . b
Osml 052 " Osprm | Comsi

we can see that the left part of the i-th row is the coordinate vector of v,, (1®c¢yy ;) relative to {E¥mi1 |1 < j <7},
which is the A-basis of H*( vV Yemi HZ/2). Assume that there are at most [, linearly independent rows

dm,,j eTB,m
in the left part, then we can use elemantary row operations, with Z/2 coeffiecient, to change it into the following



diagram

- ! ! !/ ! T
0 -+ 0 iy Oy 0 0 S e 0 S g 1 O | tma
/ / !
0 v e 0 loj, 0,1 o 0 627jzm+1 | tm,2
!
0 v - 0 e e 0 e o g O 1 O |t
0 . . . e 0 ‘ tm,,lm—i-l

where j; is the number such that 1, j; is the leftest nonzero element in the i-th row and the only nonzero element in
the j;-th column, 1 < j; < jo <--- <1, < Tun, 5

2 < ij =0or 1, t,; is a linearly combination of all ¢, ; € H™ (S0),
1 <i < s, that is,

Yomi; ] 4+ 3 5;’j(2am~j 1) ,1<i<ly,
U (1 @ tmi) = §>34s and j#jk for i<k<im
0 sl 1 <4< 5.

Therefore, for any ¢, ; € H™ (SO), v (1@¢p, +) canbe generated by {vp, (1Q0tm 1), vm (1®tm.2), -+, U (1Qtm 1., }-
Let T, = {tm,i | 1 <i <ly}, then we define the.map, f;;, as the following composition

Fmil V. SemsHZ2) B [\ SR HZ/ A v 5 HZ/2] S bu A BO "5% bu A SO,
tnl,ieTm dm,jeTB, m dj ETB
where 1 and 7" are the inclusions, (n")* = p=Then for i =1, 2; - -, l,,,-we have f5 (1 ®@tmi) = 0" (U (1 @ tym) =

>@*mii 1. This completes the proof. |

Theorem 2.7. The subset T = Ejile of f[*(SO) is_E-linearly independent. Let Mg be the free E-

submodule of H*(SO) generated by Ts. Theré is an E-submodule D% of H*(SO) such that H*(SO) = Mg @ D%
and D¥ contains no any free E-generator.

Proof. Since the set {3l | 1 <4 <} is an A-basis of H*(t V. Yomii HZ/2) and fi (1 @ty ;) =
m,i€1lm

Yemii] for each ty,; € To, the set {1 @ty | tmsi € T} € H*(bu A SO) is an A-linearly independent subset of
H*(bu A SO), and hence Ty, is an E-linearly independent subset of H*(SO). If we have the equation

Ty + Qo(T2) + Q1(T3) + QoQ1(T4) =0,

where Tl, Tg, Tg, T4, are sums of some t,,; € Ty, tm—1,i € Tn—1, tm-3,; € Tm—3, tm—a,; € L;_a respectively,
then we also have following equations

Qo(T1) + QuQ1(Ts) 0,
Q1(T1) + @Q1Qo(T2) = 0,
Qo@Q1(Ty1) = 0,

which implies that T; = 0 for each i. Therefore, the subset Tg = EJOle of H *(S0O) is also E-linearly independent.
m=



From the construction of each 7}, in Lemma 2.6, we have one t,, ; € T's which corresponds to one indecomposable
element d,, ;, € Tp. Hence there is a free submodule M’ of Mp which is isomorphic to Mg. Thus we have the
following short exact sequence

0— DL S H*(S0) % Mg — 0,

where 9 is the following combination
H(80) & H*(BO) & My 2 M' = M,
p and p/ are projections, and D7 is the kernel of ¥). Since My is free, the short exact sequence splits, hence we have
H* (S0) = Mg & D5.

Assume that D% contains a free E-generator w with degree m, then the subset {w, tm.1, tm2, =, tm.,, } Of
H*(50) is E-linearly independent, and the subset {1 ® w, 1 @ty 1, 1 @ timy2, -+, 1 @ by, } of H*(bu A BO) is
A-linearly independent. For any c¢,, ; € H™(S0O), the formula
=437 0% f ey A T+ Y

=1

¢* (Cm,i)

in Lemma 2.6 and Note after Theorem 2.4 give that

m

QoQ19" (em i) = QOQl(il(si,jdm,j +rFy) = Q0Q1(§15i,jdm,j)-
J=

beii
Hence we have

T

" (bu A 9)" (1 ® QoQilCrmi) = 21(51,1-2“’"’]' QoQ1)
fi

= 7"(3(0:;21Q0Q1)) =1"QoQ1 > (0; ;X1) = 1" QoQ10m (1 ® Cmi),

Jj=1 J=1

where 1 is the inclusion from H*( Vv X*miHZ/2) to H*([(}/EO‘J‘HZ/Q] Y [\B/Zﬁbu} V [VETbu A RP*°]). Since
i 8!

dm,;€ETB,m
¢ is injective and ®* is an isomorphism, under the map ®*(bu A ¢)*, the image of {1Q@w, 1 @ty 1, 1 @tm2, -+,
1 ®ty,y,, } is also A-linearly independent. However, by Lemma 2.6, v,,(1 ® w) can be generated by {v,,(1 ® t1),
U (1 ®tm2), , Um(1 ®@tmy,)} . This leads to a contradiction. [ |

Proof of Theorem 2.3. Since D% contains no any free E-generator, by Theorem 2.7, A®g D§ has no free
A-submodule.
Now we construct the map f as the following composition

filovo oSz = V[ v SemaHZ/2 NV bua SO) L bu A SO,

tm,i€Ts m=1"ty ;€Tm m=1
where [ is the folding map. Then for any m > 1,1 < i < [,;,, we have f*(1 ® t;,;) = X391 + 2z, 4, Where

Zmi is a sum in the form Y. XM=DQy + SN, + S nMm=HQ,Q,. Note that the set {3l + 2,,;
| m>1,1<4<l,} isstill an A-basis of H*( Vo Yomii HZ7/2).
S

tm,i



From Note 2.2, we have the homomorphism

~ % ~
9:A®p Ms S Aop (Mg ® D5) = Aep H(SO) = (Ao Z/2) ® H*(SO)
>~ H* (bu) ® H*(SO) = H*(bu A SO) L H* (V37 HZ/2).

Since AQp Mg is a free A-module generated by {1Q¢,; | tm.: € Ts} and f* takes 1®t,, ; to the generator Xm i 14
Zm,i of H*( VvV ¥*mii HZ/2), these two free A-module have the same rank, and hence ¢ is an ismorphism. This
S

tm,,i

completes the proof. |

3 Proof of Theorem A

In this section we are going to prove Theorem A.
For simplicity of the subscripts, let Ts = {t; | i € As} and X7 HZ/2 correspond to ¢;, where 7; = degt;. For
t; € Ts = {t; | i € Ag} with degree 7, let t; be represented by g¢;, : SO — X"HZ/2 . We have the following

composite map:
bunV g, Vv

gibun SO S buA YE"HZ /2] = VETHZ)2,
where v : bu AN HZ/2 nHE HZ/2 NHZJ2 2 BZ]2, i ibu> HZ)2'is the multiplicative map, and 4/ is the ring
structure map of HZ/2.

Proof of Theorem A :
Consider the composite map

ko HY (VST HZ[2) L HA b N SOV A 5 (Ms @ D5) 2 A®p Ms,

where p is the projection map. By the construction-of g, g* sends the generator X711 € H*(}/_E”HZ/Q) to

1®t; € H*(bu A SO), for each t; € Ts. Since x(1) = 1, if we follow the composite map k, then we have the
following composite map

s 1510t 1@ (4 60) B 1ot
Hence k(X771) = 1 ®@ t; for each generator ¥7:1 of the free A-module H*(;/Z”HZ/Q). Since A ® Mg is also
a free A-module with basis {1 ®1¢; | i € Ag} and has the same rank with H*’(E/_E”HZ/Q), it follows that  is an

isomorphism.
Recall that W is the stable fibre of g, so we have the stable fibration

WL bun SO S VETHZ)2,
and the long exact sequence

RN HrL(yETiHZ/2) 9_*) H”(bu/\ SO) g Hn(W) i) HTL+1(>/ETiHZ/2) — ..,



Since the map g* is injective, the long exact sequence can be replaced by the short exact sequence
0— H'(yS" HZ/2) % H* (bu A SO) ™ H* (W) — 0.

Consider the map f : 1}//_2”HZ/2 — bu A SO and the homomorphism ¢ defined in Theorem 2.3, since ¥ takes
A ®g Mg isomorphically onto H*(;{E”HZ/2), we have f*g* = kv is an isomorphism, that is, the short exact

sequence is split. Hence H*(W) 2 A ®g D% has no free A-submodule by Theorem 2.3. Moreover, the map F
defined by the following composition:

F: (VST HZ[2) v W T (bu A SOYV (bu A SO) L bu A SO,

where v is the foldding map, induces the isomorphism of cohomologies from H* (bu A SO) to H* ([:/ETH Z2IVW).
This completes the proof. |

10
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