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Stable splitting of the complex connective K-theory of the in�nite special

orthogonal group

Abstract : We give the complete stable splitting of the complex connective K-theory of the in�nite special
orthogonal group.

1 Introduction

Let bu be the complex connective K-theory and SO be the in�nite special orthogonal group. Then the purpose
of this paper is to give the stable splitting of bu ^ SO.
LetHZ=2 be the Z=2 Eilenberg-Mac Lane spectrum, BO(n) be the classfying space of the n-th orthogonal group,

BO be the classfying space of the in�nite orthogonal group, and RP1 = BO(1) be the in�nite projective space.
Let H� (X), ~H� (X) be the unreduced mod 2 cohomology and the reduced mod 2 cohomology of X respectively,
and let H� (X), ~H� (X) be the unreduced mod 2 homology and the reduced mod 2 homology of X respectively.
For simplicity of notations, we write 
 instead of 
Z=2. Throughout this paper the homotopy equivalences, the
spaces, or the spectra are localized at prime 2.
Recall that

H�(BO(n)) = Z=2 [!1, !2, � � � , !n]

is the polynomial ring generated by !1, !2, � � � , !n, where !i is the i-th Stiefel-Whitney class. In particular,

H�(BO) = Z=2 [!1, !2, � � � ]

and
H�(RP1) = H�(BO(1)) = Z=2 [!1] :

Then let bi 2 Hi(RP
1) be the dual class of !i1 2 H�(RP1), i � 0. Hence

H� (BO) = Z=2[b1; b2; b3; � � � ];

where deg(bi) = i, i � 0, and bi = ��(bi), where � : RP
1 ! BO is the natural inclusion map.

Let SU be the in�nite special unitary group. Then we have the �bration sequence


 (SO)! 
 (SU)! 
 (SU=SO)! SO
�! SU ! SU=SO.

By Bott periodicity, 
 (SU=SO) is homotopic to BO, so we have the map � : BO ! SO. Recall that

H� (SO) = Z=2 [e1, e3, e5, � � � , e2i�1, � � � ]
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is the polynomial ring generated by e1, e3, e5, � � � , e2i�1, � � � , where deg(e2i�1) = 2i� 1, i � 1, and

H� (SO) = Z=2 hb1, b2, b3, � � � i ,

is the exterior algebra generated by b1, b2, b3,� � � , where deg(bi) = i, i � 0, and bi = ����(bi).
Also recall that bu� = Z(2) [v1], where deg (v1) = 2, and

H� (bu) �= A==A (Q0, Q1) �= A
E Z=2;

where A is the mod 2 steenrod algebra, A (Q0, Q1) is the ideal of A generated by Q0 = Sq1; Q1 = Sq3 + Sq2Sq1

and E = Z=2 hQ0, Q1i, which is the exterior algebra generated by the Milnor generators, is a subalgebra of A.

By the Cartan formula Sqi(xy) =
iP

j=0

Sqj(x)Sqi�j(y), we know Q0 and Q1 act as derivations, that is, Qk(xy) =

Qk(x)y + xQk(y), k = 0 or 1. Moreover, since for any space X, ~H�(X) is an E-module, we can say an element in
~H�(X) is indecomposable or decomposable.
E. Ossa [7] has showed that

bu ^RP1 ^RP1 ' [ _
0<i;j

�2i+2j�2HZ=2] _ [�2bu ^RP1]:

Also, D. Y. Yan [11] splits bu^BO to the suspended copies of HZ=2, bu, and bu^RP1. Via this spitting, we will
get the splitting of bu ^ SO.
For the ei generator as above, we have the formula [6]

Sqj (ei) =

�
i

j

�
ei+j ,

where e2n = e2n for all positive integer n,
�
i
j

�
is the binomial coe¢ cient. In this paper, we will �nd an E-linearly

independent subset TS = fti j i 2 �Sg of ~H� (SO) such that ~H� (SO) �= MS � D�
S , where MS is the free E-

submodule of ~H� (SO) generated by TS and D�
S
�= ~H� (SO) =MS doesn�t contain any free generator. Note that TS

is not empty since the element e1e3 2 ~H� (SO) has

Q0(e1e3) = e51 + e
2
1e3;

Q1(e1e3) = e41e3 + e1e
2
3;

Q0Q1(e1e3) = e81 + e
2
1e
2
3:

For ti 2 TS with degree � i, let ti be represented by gti : SO ! �� iHZ=2 . Let 1 2 H0 (bu) be represented by
i : bu! HZ=2 which is the multiplicative map and �0 be the ring structure map of HZ=2. We have the following
composite map:

g : bu ^ SO
bu^_

ti
gti

! bu ^ [_
ti
�� iHZ=2]

_
ti
�

! [_
ti
�� iHZ=2];

where � : bu ^HZ=2 i^HZ=2! HZ=2 ^HZ=2 �0! HZ=2. Let W be the stable �bre of g, that is, we have the stable
co�bration

W
h! bu ^ SO g! [_

ti
�� iHZ=2]:

Now we state the main result of this paper.
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Theorem A� There is a stable spliting

bu ^ SO ' [_
ti
�� iHZ=2] _W ,

where � i = deg ti, for each ti 2 TS = fti j i 2 �Sg, that is, one copy �� iHZ=2 corresponds to one element ti in TS .
As an A-module, there is no any free submodule of H�(W ).

Remark� Every element in fbu�SO, which is both a 2-torsion and a v1-torsion, is not in ��(W ).
To prove Theorem A, the �rst step is to construct the E-linearly independent subset TS = fti j i 2 �Sg of

~H� (SO) and the composite map

f : [_
ti
�� iHZ=2]! bu ^BO bu^�! bu ^ SO;

where the �rst map is induced from the splitting in [11]. Then by the co�bration

W
h! bu ^ SO g! [_

ti
�� iHZ=2],

we have the map
F = f _ h : [_

ti
�� iHZ=2] _W ! bu ^ SO.

Finally we prove the map F induces an isomorphism on the mod 2 cohomologies. Hence F is a homotopy equivalence,
and this completes the proof of Theorem A.
The rest of this paper is organized as follows : In section 2, we will construct the subset TS of ~H� (SO) and the

stable map [_
ti
�� iHZ=2]! bu ^ SO. In section 3, we will prove Theorem A.

2 The E-linearly independent set TS

In this section we will construct the E-linearly independent subset TS = fti j i 2 �Sg of ~H� (SO) and the stable
map

f : [_
ti
�� iHZ=2]! bu ^ SO:

First we recall what we need. Suppose M and N are left A-modules with actions �M and �N , then M 
N is also
a left A-module with the action de�ned by the composite

A
M 
N  
M
N! A
A
M 
N A
T
N! A
M 
A
N �M
�N! M 
N;

where  is the diagonal map of A and T (a 
 b) = (�1)dim a dim b(b 
 a) is the twist map. We write D(M 
N) to
indicate M 
N with this left action. Morever, L(M 
N) indicates the extended A action over M .

Proposition 2.1� ( Proposition 1.7 of [3] ) If B is a Hopf subalgebra of A, M a left A-module, N a left
B-module, then

D[M 
 (A
B N)] �=L [A
B D(M 
N)]

as left A-modules.
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Since B is a subalgebra of A, we know that M is a left B-module. Heence D(M 
N) is a left B-module with
the action:

B 
M 
N  jB
M
N! B 
B 
M 
N B
T
N! B 
M 
B 
N �M jB
�N! M 
N;

where  jB is the diagonal map of A restricted on B and �M jB is the action of M restricted on B. Also we know
that A is both a right B-module and a left A-module, hence A
B N is a left A-module with the extended action
over A. For the detail proof we refer the reader to [3].

Note 2.2� Let N be Z=2 and B be E in proposition 2.1. Since

D[M 
 (A
E Z=2)] �=D [(A
E Z=2)
M ] and D(M 
 Z=2) �=M;

this isomorphism ( see [1] and Proposition 1.1 of [3] )

� :L [A
E M ]
�=!D [(A
E Z=2)
M ]

is given by �(a
 x) = �a0 
 1
 a00x, with the inverse ��1(a
 1
 x) = �a0 
 �(a00)x, where  (a) = �a0 
 a00 and
� is the conjugation map.

Since H� (bu) �= A==A (Q0, Q1) �= A
E Z=2, from Note 2.2, we have

H�(bu ^X) �= H� (bu)
 ~H�(X) �= (A
E Z=2)
 ~H�(X)
��1�= A
E ~H�(X)

for any space X.

Theorem 2.3� There is a E-linearly independent subset TS = fti j i 2 �Sg of ~H�(SO) and a submodule
D�
S of ~H

�(SO) such that ~H�(SO) �= MS � D�
S , where MS is the free E-submodule of ~H�(SO) generated by TS .

Moreover, there is the spectrum [_
ti
�� iHZ=2], one copy �� iHZ=2 corresponding to one ti 2 TS with degree � i, and

a stable map
f : [_

ti
�� iHZ=2]! bu ^ SO,

such that the following composition

# : A
E MS
�! A
E (MS �D�

S)
�= A
E ~H�(SO)

��= (A
E Z=2)
 ~H�(SO)

�= H� (bu)
 ~H�(SO) �= H�(bu ^ SO) f
�

! H�(_
ti
�� iHZ=2)

is an ismorphism, and A
E D�
S has no any free A-submodule.

Since to prove Theorem 2.3, we strongly rely on the stable splitting of bu^BO, we �rst recall the stable splitting
of bu ^BO in [11].
Let TB be the set consisting of all the indecomposable elements dj 2 ~H�(BO)( j 2 �B ) such that dj is the

�nite sum of monomials, dj does not contain these two kinds of monomials !
2m1
2 !2m2

4 � � �!2mk

2k ,
k

�
i=1
mi > 0, and

!j1!
2m1
2 !2m2

4 � � �!2mt
2t ,

t

�
i=1
mi � 0, j � 1, and such that any �nite sum of such elements dj and !2j�11 !2m1

2 !2m2
4 � � �!2mt

2t ,
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t

�
i=1
mi � 0, j � 1, is not decomposable, that is, ( �

finite
dj) or [( �

finite
dj) + ( �

finite, j�1
!2j�11 !2m1

2 !2m2
4 � � �!2mt

2t )]

is not decomposable, that is, we have the Adams E2-terms ( for fbu�BO ) E0, �2 = f[dj ], [!2m1
2 !2m2

4 � � �!2mk

2k ],

[!2j�11 !2m1
2 !2m2

4 � � �!2mt
2t ] j j 2 �n,

k

�
i=1
mi > 0,

t

�
i=1
mi � 0, j � 1g.

Theorem 2.4� ( Theorem 3.3 in [11] ) As an E-module, ~H�(BO) is isomorphic to D�
1 �D�

2 �MB , where

D�
1 is an E-module with E-generators {!

2m1
2 !2m2

4 � � �!2mt
2t j

k

�
i=1
mi > 0}, D�

2 is an E-module with E-generators

{!2j�11 !2m1
2 !2m2

4 � � �!2mt
2t j

t

�
i=1
mi � 0, j � 1}, and MB is isomorphic to the free E-module ~H�(BO)=(D�

1 � D�
2)

with E-basis TB = fdj j j 2 �Bg.

Thus we have H�(bu ^BO) �= A
E ~H�(BO) �= A
E (D�
1 �D�

2 �MB).
Note� We have

Q0Q1(!
2m1
2 !2m2

4 � � �!2mk

2k ) = 0;

Q0Q1(!
j
1!

2m1
2 !2m2

4 � � �!2mt
2t ) = Q0Q1(!

j
1)!

2m1
2 !2m2

4 � � �!2mt
2t = 0;

that is, for each x 2 ~H�(BO), Q0Q1(x) 6= 0 if and only if as a sum of monomials, x contains some elements in TB .

Theorem 2.5� ( Theorem A in [11] ) There is a stable splitting

bu ^BO w [_
dj
��jHZ=2] _ [_

�
��bu] _ [_


�bu ^RP1],

where �j = deg dj , for each indecomposable elements dj 2 TB = fdj j j 2 �Bg � ~H�(BO), that is, one copy

��jHZ=2 corresponds to one indecomposable elements dj , j 2 �B , � =
k

�
i=1
4imi,

k

�
i=1
mi > 0 for the nonnegative

integers mi, that is, one copy ��bu corresponds to one monomial !
2m1
2 !2m2

4 � � �!2mk

2k ,
k

�
i=1
mi > 0 for the nonnegative

integersmi, and  =
t

�
i=1
4imi,

t

�
i=1
mi � 0 for the nonnegative integersmi, that is, one copy �bu^RP1 corresponds

to one monomial !2m1
2 !2m2

4 � � �!2mk

2k ,
t

�
i=1
mi � 0.

By Theorem 2.5, we have the homotopy equivalence

� : [_
dj
��jHZ=2] _ [_

�
��bu] _ [_


�bu ^RP1]! bu ^BO

such that ��(1 
 dj) = �
�j1j 2 H�(_

dj
��jHZ=2) for each dj 2 TB = fdj j j 2 �Bg with degree �j . Let ' be the

restriction of � on [_
dj
��jHZ=2], then '� takes the free A-module A
EMB isomorphically onto H�(_

dj
��jHZ=2).

Lemma 2.6� For each dimension m � 1, there is a subset Tm = ftm;i j 1 � i � lmg of ~Hm(SO), a spectrum
[ _
tm;i2Tm

�� iHZ=2], each copy �� iHZ=2 corresponding to a tm;i 2 Tm, where � i = m, and a stable map

fm : [ _
tm;i2Tm

�� iHZ=2]! bu ^ SO,
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such that we have
f�m(1
 tm;i) = �� i1;

where tm;i 2 Tm and �� i1 2 Hm( _
tm;i2Tm

�� iHZ=2). Morever, let vm be the homomorphism de�ned as the following

composition

H� (bu ^ SO) (bu^�)
�

! H� (bu ^BO) '�! H�(_
dj
��jHZ=2)

p! H�( _
dj2TB;m

��jHZ=2),

where TB;m = fdj 2 TB j j 2 �B ; deg dj = mg and p is the projection, then for each element c 2 ~Hm (SO),
vm(1
 c) can be generated by fvm(1
 tm;i) j tm;i 2 Tmg over Z=2.

Proof � For each dimension m � 1, ~Hm (SO) and ~Hm (BO) are both �nite Z=2-module. Let ~Hm (SO) =
fcm;i j 1 � i � smg and TB;m = fdm;j 2 TB j deg dm;j = m; 1 � j � rmg. Then consider the map � : BO ! SO,
we have

�� : H� (BO) = Z=2[b1;b2; b3; � � � ]! Z=2hb1;b2; b3; � � � i = H� (SO)

takes bi to bi, i � 0, that is, �� is surjective, and hence �
� : H� (SO) ! H� (BO) is injective. For any cm; i 2

~Hm (SO), we have

�� (cm;i) =
rmP
j=1

�i;jdm;j + xi + yi;

where dm;j 2 TB;m, �i;j = 0 or 1, 1 � j � rm, yi 2 D�
1 � D�

2 , and xi is in the form
P
Q0(dj0) +

P
Q1(dj00) +P

Q0Q1(dj000), for some dj0 , dj00 , dj000 2 TB . Then following the composite map

vm : H
� (bu ^ SO) (bu^�)

�

! H� (bu ^BO) '�! H�(_
dj
��jHZ=2)

p! H�( _
dm;j2TB;m

��m;jHZ=2),

we have the diagram

vm : 1
 cm;i
(bu^�)�! 1
 (

rmX
j=1

�i;jdm;j + xi + yi)
'�!

rmX
j=1

(�i;j�
�m;j1 +Qi;j)

p!
rmX
j=1

(�i;j�
�m;j1);

where ��m;j1 corresponds to dm;j and Qi;j is a linearly combination of �(m�1)Q0, �(m�3)Q1, �(m�4)Q0Q1, for
1 � j � rm. Consider the matrix-like diagram26664

�1;1 �1;2 � � � �1;rm j cm;1
�2;1 �2;2 � � � �2;rm j cm;2
...

...
... j

...
�sm;1 �sm;2 � � � �sm;rm j cm;sm

37775 ;
we can see that the left part of the i-th row is the coordinate vector of vm(1
cm;i) relative to f��m;j1 j 1 � j � rmg,
which is the A-basis of H�( _

dm;j2TB;m
��m;jHZ=2). Assume that there are at most lm linearly independent rows

in the left part, then we can use elemantary row operations, with Z=2 coe¢ ecient, to change it into the following
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diagram266666666664

0 � � � 0 11;j1 �01;j1+1 � � � 0 �01;j2+1 � � � 0 �01;jlm+1 � � � �01;rm j tm;1
0 � � � � � � 0 � � � � � � 12;j2 �02;j2+1 � � � 0 �02;jlm+1 � � � �02;rm j tm;2

... j
...

0 � � � � � � 0 � � � � � � 0 � � � � � � 1lm;jlm �0lm;jlm+1 � � � �0lm;rm j tm;lm
0 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 0 j tm;lm+1
...

... j
...

0 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 0 j tm;sm

377777777775
where ji is the number such that 1i;ji is the leftest nonzero element in the i-th row and the only nonzero element in
the ji-th column, 1 � j1 < j2 < � � � < jlm � rm, �

0
i;j = 0 or 1, tm;i is a linearly combination of all cm;i 2 ~Hm (SO),

1 � i � sm, that is,

vm(1
 tm;i) =
(
��m,ji1 +

P
j>ji and j 6=jk for i�k�lm

�0i;j(�
�m,j1) ; 1 � i � lm

0 ; lm + 1 � i � sm:

Therefore, for any cm;i 2 ~Hm (SO), vm(1
cm;i) can be generated by fvm(1
tm;1); vm(1
tm;2); � � � ; vm(1
tm;lm)g.
Let Tm = ftm;i j 1 � i � lmg, then we de�ne the map fm as the following composition

fm : [ _
tm;i2Tm

��m,jiHZ=2]
�! [ _

dm;j2TB; m
��m;jHZ=2]

�0! [ _
dj2TB

��jHZ=2]
'! bu ^BO bu^�! bu ^ SO,

where � and �0 are the inclusions, (�0)� = p. Then for i = 1, 2, � � � , lm, we have f�m(1
 tm;i) = ��(vm(1
 tm;i) =
��m,ji1. This completes the proof. �

Theorem 2.7� The subset TS =
1
[
m=1

Tm of ~H�(SO) is E-linearly independent. Let MS be the free E-

submodule of ~H�(SO) generated by TS . There is an E-submodule D�
S of ~H

�(SO) such that ~H�(SO) �=MS �D�
S

and D�
S contains no any free E-generator.

Proof � Since the set f��m;ji1 j 1 � i � lmg is an A-basis of H�( _
tm;i2Tm

��m,jiHZ=2) and f�m(1 
 tm;i) =

��m,ji1 for each tm;i 2 Tm, the set f1 
 tm;i j tm;i 2 Tmg � H�(bu ^ SO) is an A-linearly independent subset of
H�(bu ^ SO), and hence Tm is an E-linearly independent subset of ~H�(SO). If we have the equation

µT1 +Q0(µT2) +Q1(µT3) +Q0Q1(µT4) = 0;

where µT1, µT2, µT3, µT4, are sums of some tm;i 2 Tm, tm�1;i 2 Tm�1, tm�3;i 2 Tm�3, tm�4;i 2 Tm�4 respectively,
then we also have following equations

Q0(µT1) +Q0Q1(µT3) = 0;

Q1(µT1) +Q1Q0(µT2) = 0;

Q0Q1(µT1) = 0;

which implies that µTi = 0 for each i. Therefore, the subset TS =
1
[
m=1

Tm of ~H�(SO) is also E-linearly independent.
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From the construction of each Tm in Lemma 2.6, we have one tm;i 2 TS which corresponds to one indecomposable
element dm;ji 2 TB . Hence there is a free submodule M 0 of MB which is isomorphic to MS . Thus we have the
following short exact sequence

0! D�
S
�! ~H� (SO)

#!MS ! 0;

where # is the following combination

~H� (SO)
��! ~H�(BO)

p!MB
p0!M 0 �=MS ;

p and p0 are projections, and D�
S is the kernel of #. Since MS is free, the short exact sequence splits, hence we have

~H� (SO) �=MS �D�
S :

Assume that D�
S contains a free E-generator w with degree m, then the subset fw; tm;1; tm;2; � � � ; tm;lmg of

~H� (SO) is E-linearly independent, and the subset f1 
 w; 1 
 tm;1; 1 
 tm;2; � � � ; 1 
 tm;lmg of H�(bu ^ BO) is
A-linearly independent. For any cm;i 2 ~Hm(SO), the formula

�� (cm;i) =
rmP
j=1

�i;jdm;j + xi + yi

in Lemma 2.6 and Note after Theorem 2.4 give that

Q0Q1�
�(cm;i) = Q0Q1(

rmP
j=1

�i;jdm;j + x+ y) = Q0Q1(
rmP
j=1

�i;jdm;j):

Hence we have

��(bu ^ �)�(1
Q0Q1(cm;i)) =
rmP
j=1

(�i;j�
�m;jQ0Q1)

= �00(
rmP
j=1

(�i;j�
�m;jQ0Q1)) = �00Q0Q1

rmP
j=1

(�i;j�
�m;j1) = �00Q0Q1vm(1
 cm;i);

where �00 is the inclusion from H�( _
dm;j2TB;m

��m;jHZ=2) to H�([_
dj
��jHZ=2] _ [_

�
��bu] _ [_


�bu ^RP1]). Since

�� is injective and �� is an isomorphism, under the map ��(bu ^ �)�, the image of f1
w; 1
 tm;1; 1
 tm;2; � � � ;
1
 tm;lmg is also A-linearly independent. However, by Lemma 2.6, vm(1
 w) can be generated by fvm(1
 tm;1);
vm(1
 tm;2); � � � ; vm(1
 tm;lm)g. This leads to a contradiction. �

Proof of Theorem 2.3� Since D�
S contains no any free E-generator, by Theorem 2.7, A
ED�

S has no free
A-submodule.
Now we construct the map f as the following composition

f : [ _
tm;i2TS

��m,jiHZ=2] =
1
_
m=1

[ _
tm;i2Tm

��m,jiHZ=2]
_fm!

1
_
m=1

[bu ^ SO] z! bu ^ SO,

where z is the folding map. Then for any m � 1 , 1 � i � lm, we have f�(1 
 tm;i) = ��m,ji1 + zm,i, where
zm,i is a sum in the form

P
�(m�1)Q0 +

P
�(m�3)Q1 +

P
�(m�4)Q0Q1. Note that the set f��m;ji1 + zm,i

j m � 1; 1 � i � lmg is still an A-basis of H�( _
tm;i2TS

��m,jiHZ=2).
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From Note 2.2, we have the homomorphism

# : A
E MS
�! A
E (MS �D�

S)
�= A
E ~H�(SO)

��= (A
E Z=2)
 ~H�(SO)

�= H� (bu)
 ~H�(SO) �= H�(bu ^ SO) f
�

! H�(_
ti
�� iHZ=2):

Since A
EMS is a free A-module generated by f1
tm;i j tm;i 2 TSg and f� takes 1
tm;i to the generator ��m;ji1+
zm,i of H�( _

tm;i2TS
��m,jiHZ=2), these two free A-module have the same rank, and hence # is an ismorphism. This

completes the proof. �

3 Proof of Theorem A

In this section we are going to prove Theorem A.
For simplicity of the subscripts, let TS = fti j i 2 �Sg and �� iHZ=2 correspond to ti, where � i = deg ti. For

ti 2 TS = fti j i 2 �Sg with degree � i, let ti be represented by gti : SO ! �� iHZ=2 . We have the following
composite map:

g : bu ^ SO
bu^_

ti
gti

! bu ^ [_
ti
�� iHZ=2]

_
ti
�

! _
ti
�� iHZ=2;

where � : bu ^HZ=2 i^HZ=2! HZ=2 ^HZ=2 �0! HZ=2, i : bu ! HZ=2 is the multiplicative map, and �0 is the ring
structure map of HZ=2.

Proof of Theorem A :
Consider the composite map

� : H�(_
ti
�� iHZ=2)

g�! H�(bu ^ SO) �= A
E (MS �D�
S)

p! A
E MS ;

where p is the projection map. By the construction of g, g� sends the generator �� i1 2 H�(_
ti
�� iHZ=2) to

1 
 ti 2 H�(bu ^ SO), for each ti 2 TS . Since �(1) = 1, if we follow the composite map �, then we have the
following composite map

��1
g�! 1
 ti ! 1
 (ti � 0)

p! 1
 ti:

Hence �(�� i1) = 1 
 ti for each generator �� i1 of the free A-module H�(_
ti
�� iHZ=2). Since A 
E MS is also

a free A-module with basis f1
 ti j i 2 �Sg and has the same rank with H�(_
ti
�� iHZ=2), it follows that � is an

isomorphism.
Recall that W is the stable �bre of g, so we have the stable �bration

W
h! bu ^ SO g! _

ti
�� iHZ=2;

and the long exact sequence

� � � ! Hn(_
ti
�� iHZ=2)

g�! Hn(bu ^ SO) h
�
! Hn(W )

�! Hn+1(_
ti
�� iHZ=2)! � � � .

9



Since the map g� is injective, the long exact sequence can be replaced by the short exact sequence

0! H�(_
ti
�� iHZ=2)

g�! H� (bu ^ SO) h
�
! H�(W )! 0.

Consider the map f : _
ti
�� iHZ=2 ! bu ^ SO and the homomorphism # de�ned in Theorem 2.3, since # takes

A 
E MS isomorphically onto H�(_
ti
�� iHZ=2), we have f�g� = �# is an isomorphism, that is, the short exact

sequence is split. Hence H�(W ) �= A 
E D�
S has no free A-submodule by Theorem 2.3. Moreover, the map F

de�ned by the following composition:

F : [_
ti
�� iHZ=2] _W f_h! (bu ^ SO) _ (bu ^ SO)  ! bu ^ SO,

where  is the foldding map, induces the isomorphism of cohomologies from H� (bu ^ SO) to H�([_
ti
�� iHZ=2]_W ).

This completes the proof. �
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